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Functional Integral and Effective
Hamiltonian t-J-V Model of Strongly
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The functional integral representation for the generating functional of the t-J-V
model is obtained. In the case close to half-filling this functional integral
representation reduces the conventional Hamiltonian of the t-J-V model to the
Hamiltonian of the system containing holes and spins 1/2 at each lattice size.
This effective Hamiltonian coincides with that obtained by one of the authors
by a different method. This Hamiltonian and its dynamical variables can be
used for a description of different magnetic phases of the t-J-V model.
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1. INTRODUCTION

The problem of the theoretical description of high-temperature super-
conductivity (HTSC) that arose some years ago is still open."*?) The t-J
Hubbard model of strongly correlated electrons®* is one of the most
popular models for the explanation of HTSC. This model reflects correctly
some properties of HTSC compounds: the phase diagram, the close
connection of the magnetic and transport properties, etc. The Hamiltonian
of the t-J-V model can be expressed in terms of the Hubbard operators,
which exclude double occupancy, X% = |a, n){n, b}, where n is the lattice
site and |a,n>=10,n), |T,n), ||,n):

HtJV = Z [tnng’OXgl’a + %Jnmsnsm + %VnmNnNm] _'Z HaXT

nEm (1)
o= [ — W, T<pu
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where N, = X"+ X! is the operator of the electron number; S is the spin
operator, S,,= X'+ X2, S, =(XF—X)20 S, =(X]T - XH)2;
o= +1/2, 1, | is the spin projection; ¢,, =1,, is the electron hopping
integral from lattice site » to lattice site m; J,, is the spin exchange
integral; V,, describes the Coulomb interaction of electrons on different
lattice sites; u, is the chemical potential depending on the spin projection
g; wo i1s the precession frequency of the electron spin in an external
magnetic field; and T is a temperature which is supposed to be much less
than the usual chemical potential u. This Hamiltonian follows-? from the
usual Hubbard Hamiltonian in the limit > ¢ (where u is the constant of
Coulomb repulsion on a lattice site at a filling » close to one electron per
lattice site, 0 <1 —n=p< 1. In that case J,, = 8(¢,,)*/u

Belinicher'® obtained the following representation for the Hubbard
operators X°® in terms of Fermi hole operators 4} and 4,, and local
spins s:

X% =h*(12—(os)+ (hTh))y Tos, XC= —1,..h

oo’ 'ta’

Ny=X"+XH=1~N, X%=N, S=s+(12)h*ch) (2)

(01
=\t oo
This representation makes it possible to reduce the Hamiltonian (1), H,;v,
to the Hamiltonian of the Fermi hole operators and spins 1/2,

Hyy=Hy+ Hy,, HozZﬂfah;:,—hna*‘Zsfx

no

Hint = Z [tnmh:(_ 1/2 + (sno.) - (h:hn)) + %Vnm(h:hn)(hr:hm) (3)

n#Em

+ 308, + 31 0h,))(S, + 5(h,; 0h,,)) ]

The representation (2) and the effective Hamiltonian (3) were
obtained in the framework of the Wick theorem for Hubbard operators.
The representation (2) and the Hamiltonian (3) do not represent direct
operator identities. Some isomorphism of the form 4 — VAV ~! must exist
which transforms the relation (2) and (3) into identities. In this point this
representation differs from known slave boson representations.””® In the
present form the Hamiltonian (3) can be used for the calculation of the
Green function of the Hubbard operators in the framework of the tempera-
ture diagram technique. Such a calculation was performed for the simplest
magnetic states, ferromagnetic, paramagnetic, and antiferromagnetic, in
ref. 6 and the properties of the hole transport and the hole interaction
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were determined on the basis of two small parameters: the hole number per
lattice site p < 1 and the inverse number of neighbors 1/z < 1.

But it is well known that superconductivity arises in the nontrivial
state of the paramagnetic spin liquid and it is not obvious that the
Hamiltonian (3) obtained in the framework of the perturbation theory can
be applied to the nontrivial magnetic state, which must be investigated on
the basis of some variational approach.!'®

The reason for doubt concerning the validity of the representation (2)
is based on the example of the Heisenberg model, which was studied with
the functional integral method by Kolokolov and Podivilov.*"'? They
showed that the spin operator representation‘!?)

s,=a*a+ ¢, sT=a, st=—a*t(aTa+2¢) 4)

where ¢ is a random field with given statistical properties similar to the
representation (2), is not precise and contains some corrections. The sub-
stitution (2) and Hamiltonian (3) are Hermitian. The latter does not allow
one to examine (3) as a Hamiltonian of some correct quantum problem.
But ref. 6 made the assumption that the Hamiltonian (3) is defined only for
the calculation of various matrix elements. This assumption requires proof.

In the present paper we shall construct the functional integral
representation for the generating functional of the Hubbard operator
temperature Green functions for the Hamiltonian (1) t-J-V model of the
strongly correlated electron system (Section 2). We shall show that the
effective Hamiltonian (3) is the correct Hamiltonian for a filling of close to
one electron per lattice site that is actual for HTSC compounds (Section 3).
The functional integral method allows one to solve the problem of the
calculation of matrix elements with respect to the Hamiltonian (3) in the
case of a filling of close to one. It is possible to suggest a Hermitian variant
of the substitution (3) and the Hamiltonian (4) (Section 4). We believe that
the Hamiltonian (3) has some advantage in comparison with the usual t-J
model®*) because it does not contain any constraint on double occupancy
and can be used for the variational calculation of nontrivial magnetic
states.

2. FUNCTIONAL INTEGRAL REPRESENTATION

The generating functional for the Hubbard temperature Green
function may be represented in the form

Z(h)=Tr (T, (exp (—ﬁHtJV+j: pet dr+,BF>)> (s)
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where f is the inverse temperature; T, means the ordering product over
temperature for time t; 4“*(7) represents eight external fields conjugated to
eight Hubbard operators X excluding X% =1— N, the external fields
conjugate to X%, X°°, are Grassmann variables; F is the free energy; and
Z(0) = 1. Using the Hubbard-Stratanovich identity, **!") one can represent

the generating functional (5) in the form

Z(h) = j [[ D=2 Dn?, Dr?

nm m nm n

B
X exp [%Jo (2 Ay il — B iy, — v, al) df]

B
x Tr<T, (exp {fo [#%(c) X* + 71(2) X7 + 7] dt})) (6)

where 7%" = (z", 2'°, z%, 7% are the Grassmann fields conjugate to the
corresponding Hubbard Fermi operators; n"¥ = (z', n'!, n°) are the com-
plex fields conjugate to the spin Hubbard Bose operators; " is conjugate
to N; #%=n°+h® for a=00, 00, 1|, |1; #=n+h*—wy, #¥=n"+
A" + . The numerical matrices A,,, B,, as follow from the Hamiltonian
(1) have the form

01 00 o 1 0
a,=| L0 00 B.=1(1 0 o (7
I 00 01} v

0 0-10 001

Let us notice that the integration over variables n'\, #'!, n°, n" can be
understood as the integration over the surface in the complex space defined
by the condition

m}(t)= —(m;1(r))*,  Re(mj(r))=Re(n,(1))=0 (8)

n

Correspondingly, the integration over Grassmann variables %%, n°° can be
understood as an integration over the four-dimensional Grassmann
manifold determined by the condition

m (1) = —(m;%(1))* )

The problem of the determination of the explicit form of the generating
functional (6) is reduced to the determination of the 7T-ordered exponent

A(t)=T, ( fo 7°(F) X + 7r°(f)) &z (10)
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where ¢=00, 60, 1|, |1, z, n and the quantity n(r) is introduced for
convenience. The operator exponent A(t) satisfies the obvious equation

A(1)=(r(r) X +2°(1)) A(x) (11)

with the initial condition 4(0)= 1. We are not able to solve Eq. (11) when
the conditions (8) and (9) are fulfilled. However, following the method of
ref. 11, we can deform the surface (8), (9) in a special manner and find the
operator A(t). To this end, we shall use the ansatz

A(z)=B* (1) B°(x) B~ (1)[B*(0)] "
B (t)=exp[o"(7) X+ ¢(t) X+ ¢THr) X ]
BYt)=exp[o(t) X+ (1) X 1]
B~ (1) =exp[9®(1) X"+ ¢°(z) X + 9*(7) X*T]

In the formulas (10)-(12) and below the index of the lattice site m is
omitted for the sake of simplicity. The expression (12) for A(t) satisfies
the initial condition 4(0)=1. After differentiation with respect to t and
representation of the result in the form (11), we get the system of equations
connecting n°(t) and ¢(1):

i = ‘Lio_nnwm_ (n" — %nz) l//w + l//lol/’OTl//TO
“TO:I/-/TO—HNWO—(n"+%nz)wT°+t//T°gb°ll//w
7% = l//OT, 7% = ¢01
an:wiT_}_wlowm
n.lel//Tl_(¢z+¢Tl¢lT)le+l//T0w01
nZEnTT—nll=¢z+21//”|//”+¢T°¢°T—[p10l//°l
n”z%(n”+7t”)=¢”+ %waow%

70 = — 0

where the new field variables y are expressed in terms of the initial
variables ¢ in the following way:

YO = (9% — %) exp(— @'
Yy* =% exp(— ") — (0”1 — 9%0!T> @M exp(— o)
lﬁTO:@TO’ l//w:(DlO, l//TlZQDTl
Y l=pTexp(—¢®), @ =¢M—pH
l/,zE wTT__lpll:d,z
Y=y Y=oV

(12)

(13)

(14)
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The dependence of =z° on y represented separately in (13) can be
considered as a definition. Performing the functional change of variables
(13), one can calculate the exponent explicitly and obtain an explicit
functional representation for the generating functional Z(h).

After the change of variables (13) it is natural to deform the initial
surface of integration (8), (9) into the surface

Yo = —((1)*  Re(y(c))=Re(¥"(r))=0

(15)
Y ()= —(¥°x))*

Notice that after such a deformation the conditions (8), (9) for n'(z),
(1), n%(1), =°°(1) are not valid. For the correctness of such a deforma-
tion the density of the generating functional must be regular with respect
to the variables of the integration and the integral must exist for every
surface of the integration in the process of deformation. The last condition
is essential for the numerical variables n' (1), n!'(1) because an integral
over a finite number of Grassmann variables always exists. The discussion
of the convergence of the integral over the variables n'\(z), n*() can be
performed in a manner similar to ref. 11.

The substitution of variables (13) contains the time derivatives in the
right side because it is necessary to fix the initial or boundary conditions.
For complex y'(t) the standard boundary condition ™ (B)=y1(0)
makes the transformation nonreversible. We shall use the initial condition
for the y'i(1),?

yH0)=0 (16)

For the Grassmann variables /°°(t) one can use the standard antiperiodic
boundary condition

Y00y = —y°°(p) (7)
When we perform the substitution of variables in the generating functional

(6) we must calculate the Jacobian or more precisely the Berezinian of the
transformation

Dn® Dr't Dat! Dr? Dn® = Ber[J(y)] Dy Dy Dyt Dy* Dy (18)

where the matrix J(iy) may be represented in the block form

J

on (J”b J

= (T Jk,); ab=10,10; Kk I=1l,1%zN (19)
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here J* is the Fermi part of the J matrix; J¥ is the Bose part; and J%, J*°
are the mixed parts of the J matrix. When the derivatives over the
Grassmann variables in (19) are computed they arc taken as the right
derivatives.

The Berezinian of the J matrix is calculated according to the following
rule>:

Ber[J] = Det[J* — J*a(J®) =1 J*(Det[J*]) ! (20)

The explicit form of the Berezinian (20) depends on the method of
regularization of the time derivatives in (13). Because the Bose part of the
J matrix J* practically coincides with the corresponding spin matrix of
ref. 11, we shall use the same regularization,

n;i:¢T1+(wlO_¢T0)
nt=AT YRyl )yl )

(21)
~ Yyl 1)2 U+ (),
mo=y, W Y )
where the quantities ,, n, are defined by the relations
bp=ute) me=ne), o= 4=l iaw @

Here 1<p<L and p, L are integers. The Det[J*] can be easily
calculated:

Det[J¥] =lim ]_[ (—Al—*% Z>=c0nst-exp<— %J-ﬂ 15 dr) (23)

For the computation of Det[J*°] let us perform the regularization 7% (t)
in the following way:

n =AY =yt )~ Ap((L+ k) Y — k)
=LY, + oy + 209 T + 7]

The crossing terms J°°, J~°° give small contributions at 4 — 0 in Det (J%)
and can be omitted. Thus

" on'® ont®
Det(J*) = Det <5¢TO> Det <5W) (25)

(24)
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and taking into account (16) and (17), we get

A7+ ASk 0 47+ A1 + k)
A P —A5(1+ k) A7+ Ak 0 :
0 0 0
: : 0
0 e AT AL+ K) AT ATk
anao
Ty (26)

where A7 is defined in (24) and

o0

2
Det[gl—?’%]=lim<n (4" +kas)+ T] (A“+(1+k)AZ))
r p= , p=1
=const-{exp <kj A‘,'dT>
0
B
+exp[(1+k)f A;‘df]} 27)

The Det[(J**) '] is not equal to zero on the surface of integration and
one can conclude that the initial and boundary conditions {16) and (17)
are correct. The regularization constant k can be determined if we compare
our result with the case of small filling (see below) where all results can be
obtained in the gas approximation: k=0. The computation of the trace
A(t) can be easily performed. The general trace can be split into the
product of the single-sites traces, and taking into account initial and
boundary conditions (16) and (17), we get

Tr <Texp {f [7¢(t) X+ =°1)] dr})
— 1+ explo"(B)] + [1+ 01 (B) 9'(8)] expLo(8)]
B . ~
—1+exp { MEAGERTAG) dr}
+exp {j: [37() — 4(2)] dr}
rep [ 197(0) - 502001 de [y

x j: ¥4 (x) exp UO 7°(7) df] & (28)

where §V(7) =yN(r) — 1 and Y3(1) = Y*(1) + wy.
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In conclusion of this part of this paper, we shall get an explicit form
of the generating functional in the case of small filling when the J and V
contributions are absent and the Hubbard-Stratanovich transformation is
produced for the t member only. In that case we have the expression for
the generating functional

Z(h)= j [1Dn% Dn® Tr <Texp {fﬂ [7¢(1) X+ n%1)] dr})

n,T

X exp [f:( t- 10 0"+z > } (29)

Let us set 7', n!', 7%, 7" equal to zero in (13) and (14) and perform the
corresponding functional change of variables. Equation (13) can be con-
sidered in that case as the definition of Y™, ¥/!7, ¥, ¥". Supposing |u| > T,
wo and p <0, we get that in this limit the trace (28) becomes unity. From
(20), (23), and (27) it follows that for k=0 and fju — —oo, the Berezinian
equal to Det[(J*)~!] becomes constant. Substituting in (29) the expres-
sion for 7 in (13) and making the linear change of the integration variables

B TR (30)
we get the following representation for the generating functional:

Z(h) f HDnO"(r Dro(t) exp(—T)

r= J” L0205 = B2 + (=W 2W ) Wl (31)

+ hOa 0n+h00w00( wzolpg&)] d‘[’

This generating functional leads to an effective Hamiltonian that coincides
with the Hamiltonian obtained‘® by the operator method. The mass renor-
malization, damping, and electron scattering amplitudes that follow from
the generating functional (31) coincide with results of the gas approxima-
tion obtained from the initial Hubbard Hamiltonian.'® Such a coincidence
of the results may be obtained only for the regularization we have used and
this in fact fixes it.

3. THE FILLING CLOSE TO UNITY AND REDUCTION TO THE
SPIN PARTITION FUNCTION

Here we consider the case u>0, u> 7, wy, and fu— . One can
verify that Det[J*] ~ exp(—pu) and

Det[J¥]

B
Ber[J] = D[]~ const - exp [— fo QN + Iy — %) a’r:l (32)

822/69/1-2-16
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Substituting (32) into (20), and (20) and (28) into (6) at fu— o0, one
can verify that the integral over y” is Gaussian and thus it can be easily
performed. As a result, we get the following functional integral over the
seven field on the lattice

Z(h) JHD(/J yexp(— I, — F)H(l-{-exp[ f:y/;(r)dr]

<A ([Limen| [ @ a|)}) (33)

where d= (00, 60, 1|, {1, 2), and

j W0 — 10ty
_ El//<IO¢OO' 21//001//0(7‘//50 ;ml ?na
_ lh lpa'Oo.t—l Oa l//aO l//03‘//000.[—1 0F
- l‘]nim Jknt;lll// lpoa)( pm ;ql UO 00)
_ ~1Vnm mk aolllowlaow a)+ VO Gol//()a)
B
R A e LR

X (Mt 8 + USSP — 30,0 W 08Y ) du

where g=(h. h,, h,+w,), Vo=2,V,. and the vector w has the
following form:

”x:nTl+an’ r’y_.l(nTl ,,,lT)
N = gy (35)
lT_TElT lpwl//OT ”lenTl_wTO‘pOl

For simplicity we omit fermion external fields 2°°, 4% In the next step we
shall distinguish the integral over the spin variables

200 = [ T1 DU (2) DY) exp(— 1) {T1 DV ¥(5) DU 1)

X Dl//f,(r)exp(—Fs)ﬂ[l+exp[_ Jﬂ wi(f)dr]

< (1+v0p) {[vi@en [ v df] )|t e
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It follows from formula (36) that the expression in curly brackets coincides
explicitly with the generating functional of the Heisenberg model."? The
external field with respect to the spin operators is

B(1) =h,(0) + 7000 — 5Tt W 0" (37)

and the generating functional can be rewritten in the form

)= | T1 Dy () Dy :(c) exp(~ 1)

x Tr (Texp {[ —.BHng_ jﬁ h,(1)S,(7) dr]}) s (38)

where the trace is taken over spin variables and

Hey=3 Y JunSsSn (39)

n,m

is the usual Hamiltonian for quantum antiferromagnets (spin 1/2). The
substitution (30) for the Grassmann fields reduces the generating functional
(38) to the standard functional integral’® with the Hamiltonian explicitly
coinciding with the Hamiltonian (3).

Let us remark that in the general case of an arbitrary chemical poten-
tial the separation of the spin subsystem is not possible. Moreover, the
universal polynomial substitution of the spin operators in terms of Bose
and Fermi operators does not follow from the method of this paper. We
think that further investigation of the Hamiltonian (3) must be based on
the variational method*® for the spin subsystem.

4. PHYSICAL INTERPRETATION OF EFFECTIVE
HAMILTONIAN

First we recall the physical interpretation of the well-known non-
Hermitian Dyson—Maleev representation,”'®) which follows from (4) if we
put ¢= —s. One can compare that representation with the Hermitian
Holstein—Primakoff"'? representation for spin operators,

syp=Pla*a)(2s—a*a)"?* aP(a"a)
sip=Pla*ta)at(2s—a*a)"? P(a*a) (40)
sgp=PlaTa)(—s+a"a)P(a*a)

here a* and a are creation and annihilation Bose operators, and P(a*a)
is the projector operator on the lower 2s+ 1 states: |0), [1),..., [2s). The
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representation (40) is a direct operator identity which maps the algebra of
the spin operators s into the Heisenberg algebra of the creation and
annihilation operators ™ and a.

One can check that there exists an operator V(a*a) with the property

Syp= PV 'spu VP (41)

where syp and sp,, are the Holstein—Primakoff, (40), and Dyson-Maleev,
(4), spin operators, respectively. The identity (41) means that matrix
elements of both parts of Eq. (4.2) between any states {n| and |n’') are
equal to each other. If n, n’ > 2s, these matrix elements are equal to zero.
The explicit form of the matrix elements V is

A\ Viny=06,, [] Qs+1-m)'"?  nn'<2s (42)

m=0

If we want to calculate the partition function
Z="Tr (exp[—pH(s)]) =Tr(P exp[ — fH(sup)]) (43)

we can use the identity (41) and the commutation of the operators V and
P. As a result, we have for Z,

Z=Tr(Pexp[—BH(spm)]) (44)

The relation (44) is valid because the action of sy, on the state |n) for
n=0, 1,..., 2s leads only to the same states, i.c., the lower 25+ 1 states form
an invariant subspace with respect to Dyson—Maleev spin operators Spy.

If we are interested in the properties of the partition function (43) at
low temperatures in the ferromagnetic or antiferromagnetic state, we can
omit the projector P in formula (44) because the contribution to the higher
states |n> with n>2s to the trace (44) is exponentially small over the
parameter f.J, where J is an exchange integral.?® This discussion explains
the correctness of using the Dyson—Maleev representation for the descrip-
tion of low-energy processes at low temperatures in ferromagnetics and
antiferromagnetics.

A similar interpretation can be given for the representation (2) for the
Hubbard operators X“°. Let us consider the Gilbert space on every lattice
site representing the direct product of a Gilbert space of a spin 1/2 and a
fermion with a spin 1/2. The total number of states in that spin-hole
Gilbert space is equal to eight: |0, 6, |1, 6', 0, |2, 6 ); here the first index
represents the number of fermions, and ¢, ¢’ =1, | are spin projections.
One can introduce the Fermi operators i}, h,,

ILo,o6)=h7 10,65,  |0,6)=h,|1,0'0) (45)
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The singlet and triplet states can be formed from one-fermion states:
s> =(1//2) (111, 1)y = 111, 1)), =111, 1>
00 = (1//2) (11, L) +11L, 1) lt=1>=[1}, 1>

We can map the initial Gilbert space of the Hubbard model without
two-fermion states into the spin-hole Gilbert space:

(46)

0>, =15,  [Lo),=10,0) (47)

and obtain the following representation of the Hubbard operators X* in
terms of the holes 4, A, and the spin-1/2 operators s:

X% =(1/2/2)[h* (1= 208)], (1= N) 7,
X0 = —(1/2/2) 1o(1 = N),- [(1 - 208)h]
N,=X"+X"=1-N+D (48)
X% = (1/4)[N—2D —2(h " 6h)s]
S=s(1-N+D)
Here

N=(h*h), D=hihhjh,

(01 (49)
(1 o)

This representation is the direct operator identity: {1) the matrix eiements,
X operators (48), between physical states |s), |0c) are the same as for
the initial Hubbard operators X“°; (2)the matrix elements between the
unphysical states [tm), |20) are equal to zero; (3) the matrix elements
between the physical states |s>, |[0g> and the unphysical states |mm ), |20 )
are equal to zero. The representation (48) for X*° certainly is Hermitian
and does not require any constraints. If we compare the representation (48)
with the initial expression of the Hubbard operators X in terms of the
physical Fermi operators of electrons, we see that the number of electrons
is close to unity, while the number of Fermi holes is small at a filling close
to unity. The empty space without electrons can be imagined as the bound
state of the Fermi hole and the spin 1/2 with the total spin equal to zero.

What is the connection between the non-Hermitian representation (2)
and the Hermitian (48) for the Hubbard operators? One can check that if
we perform a canonical transformation of the hole Fermi operators in (2),
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hgaﬁhm hl — (l/ﬁ)h:, then the matrix elements of the Hubbard
operators in the representations (2) and (48) are the same between the
physical states |s), |0g ). Moreover, the action of the Hubbard operators
in the form (2) on the physical states |s), |0c)> does not lead to the
unphysical states |#m ), |26 ), i.e., the physical states form an invariant sub-
space over the algebra (2). The relation between the Hubbard operators
X% of (48) and X2, of (2) can be represented in a form similar to (41):

X% =PV X% VP (50)

Here V is the generator of the canonical transformation determined in the
physical subspace

Vss:\/§3 Va,a’=50,0’5 VS,O': Va,szo (51)
and P is the projector on the physical subspace
P=(1/4)2—-N)[2—N-2N(h*e6h)s] (52)

Naturally the operators P and ¥ commute. The partition function of the
Hubbard model can be represented a form similar to (43),

Z="Tr(Pexp[ - BH(X%)]) (53)
and it can be transformed into a form similar to (44),
Z="Tr(Pexp[ — BH(X)]) (54)

As the energies of the two-hole states and triplet states are essentially
higher in the framework of the Hamiltonian (3), we can omit the projector
P in (53) at low temperatures and work with the Hamiltonian (3). This
approximation is valid for a small number of holes insofar as the energy of
the two-hole states at the lattice site and the triplet state are situated
approximately at the center of the singlet hole bands.
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